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Optimal Temperature Estimation for Modeling
the Thermal Elastic Shock Disturbance Torque

Darrell F. Zimbelman* and Raymond V. Welcht
Fairchild Space & Defense Corporation, Germantown, Maryland 20879

and
George H. BornJ
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This paper describes a predictive temperature estimation technique that can be used to drive a model of the
thermal elastic shock disturbance torque experienced by low-Earth-orbiting spacecraft. The twice per orbit
impulsive disturbance torque is attributed to vehicle passage in and out of the Earth's umbra, during which large
flexible appendages undergo rapidly changing thermal conditions. Flexible members, in particular, solar arrays,
experience rapid cooling during umbra entrance and rapid heating during exit. The fundamental equations used
to model the thermal elastic shock disturbance torque for a typical solar array will be described. For this
derivation, the array is assumed to be a thin cantilevered beam. The time-varying thermal gradient is shown to
be the driving force behind predicting the thermal elastic shock disturbance torque and, therefore, motivates the
need for accurate estimates of temperature. Thus, the development of a technique to optimally estimate
appendage surface temperatures is highlighted. The objective analysis method used is structured on the
Gauss-Markov theorem and provides an optimal temperature estimate at a prescribed location given data from
a distributed thermal sensor network. The optimally estimated surface temperatures are then used to compute
the thermal gradient across the array.
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Nomenclature
covariance between all pairs of observations
inertial displacement constant
temperature bias for gradient function
error matrix associated with the estimate
«! x HI moment matrix of the estimate, E(xxT)
covariance between the estimate and the j th
observation
r t i X n 2 moment matrix of the estimate and the
observations, E(xQT)
n2 x «2 moment matrix of the observations,

temperature scaling for gradient function
thickness of a typical solar array
expected value operator
array inertial displacement function
thermal elastic shock disturbance momentum
inertia about fixed end of structure
inertial displacement of structure
array length
/th inertia length increment
array mass
/th mass increment
total number of observations
total number of array segments
decay constant for gradient function
temperature constant for gradient function
scaling parameter between the j th and fcth
observations in the r direction
spatial decorrelation scale in the r direction
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Si = arc length the /th mass increment travels
sjk = scaling parameter between the j th and Arth

observations in the s direction
•s'scaie = spatial decorrelation scale in the s direction
Tb = thermal elastic shock disturbance torque
7} = impulsive portion of thermal elastic shock

disturbance torque
u(t — T) = unit step function
u(t - T) = Dirac function
u(t - T) = doublet function
Wjk = weighting function
x = n\ x 1 state vector
jc = «! x 1 estimate vector
<*cte = coefficient of thermal expansion
7 = measurement degradation factor
AT = thermal gradient across the solar array
djk = Kronecker delta function
e/ = y'th measurement error
0 = estimated mean of the observations
0 = optimal estimate
Q(r,s) = scalar variable at position (r,s)
Oi = angle through which the /th mass increment travels
X = ratio of inertia length increment and radius of

curvature
pb = radius of curvature
a^ = standard deviation of the observations
ae - standard deviation of the measurement error
T = time of shadow entrance or exit
<PJ = yth measurement
V = mean of the observations
/ = /th array segment

Introduction

I N the early 1980s, an unexpected perturbation was experi-
enced by the LANDSAT 4 and 5 satellites. An anomously

large, twice per orbit disturbance was observed in the flight
data during normal on-orbit operations. An example of this
disturbance is illustrated in Fig. 1, which shows the LAND-
SAT-4 yaw axis derived rate telemetry data over one orbital
period.1 These data represent the controlled response of the
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Fig. 1 LANDSAT-4 yaw axis derived rate telemetry data over one
orbit.
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Fig. 2 Appendage structural deflection due to an applied thermal
gradient.

advantageous since it provides not only an estimate of the
surface temperatures, but also error information relative to
the estimates. Examples illustrating the use of the optimal
estimation routine to compute the thermal gradient across a
typical satellite solar array are given.

spacecraft coupled with the disturbances acting on the vehicle.
The perturbation shown in Fig. 1 has been correlated with the
spacecraft's entrance (sunset) and exit (sunrise) to the eclipsed
region of the orbit plane.2 During penumbra! transitions,
space vehicles undergo rapidly changing thermal conditions
that result in a thermally induced bending motion of large
flexible appendages. If the deformation or bending motion
occurs at a nonconstant rate, a disturbance torque is generated
about the fixed end of the structure, which is then transferred
back onto the vehicle core body. This concept is illustrated in
Fig. 2. For the LANDSAT satellites, the single, large solar
array experienced this phenomena and produced the distur-
bance torque that is evident in Fig. 1.

The aforementioned thermally induced disturbance, referred
to as thermal elastic shock (TES), has also been observed
during the three-axis stabilized operation of the Communica-
tions Technology Satellite (CTS)3 and normal on-orbit opera-
tion of the Hubble Space Telescope (HST),4 but to a much
lesser degree. The difference in perturbation magnitude is a
result of the differences between the spacecraft designs. The
TES disturbance is most pronounced for asymmetric satellite
configurations, such as the single-wing LANDSAT vehicles.
Satellites possessing a dual-wing array design, such as CTS
and HST, are significantly less affected by TES since the
motion of both arrays tends to be self-compensating.

The significant attitude excursions experienced by the
LANDSAT vehicles in response to the TES disturbance have
aroused considerable concern for future satellite missions.
This concern is especially true for the Upper Atmospheric
Research Satellite (UARS) and the Topography Experiment
(TOPEX) satellite since both vehicles utilize LANDSAT her-
itage. In particular, the TES disturbance has been predicted to
be a dominant source of attitude error for the TOPEX space-
craft.5 The attitude pointing performance of the TOPEX
spacecraft, when subjected to the TES disturbance, has been
analyzed by Zimbelman.6 This study concluded that the TES
disturbance is large enough to cause the TOPEX spacecraft to
temporarily exceed its normal mission mode attitude control
pointing requirements. Thus, for TOPEX and other future
satellites, a need is established to accurately model the on-or-
bit magnitude of the TES disturbance in order to compensate
science data taken during degraded attitude periods.

The focus of this paper is to present the fundamental equa-
tions used to model the TES disturbance experienced by some
Earth orbiting spacecraft. During the development of the
equations, the thermal gradient is shown to be the driving
force behind predicting the TES disturbance torque. The de-
pendance of the TES model on the thermal gradient motivates
the need for accurate estimates of surface temperatures during
on-orbit operations. Next, a technique to optimally estimate
appendage surface temperatures at prescribed locations given
data from a distributed thermal sensor network is highlighted.
The objective analysis method, structured on the Gauss-
Markov theorem, is described in detail. This technique is

Thermal Elastic Shock Disturbance Model
A mathematical representation for the TES disturbance

torque for a typical satellite solar array has been developed by
Zimbelman.6 The TES disturbance model uses the concept of
linear thermal expansion to describe the angle through which
a structure will bend under the influence of thermal heating.
Utilizing this physical principle, the radius of curvature can be
expressed as

Pb = • O)

Equation (1) holds true for both the top and bottom surfaces
of the structure under the assumption that the separation
distance is small. l^Bw assume that the structure can be repre-
sented as a thin cantilevered beam of length L and mass M. A
discrete representation for the inertia about the fixed end of
the beam is given by

(2)

(3)

where the /th mass element is expressed as

mt = M/n

Factoring out the mass term, ^q. (2) can be rewritten as an
equivalent inertia distribution (lumped mass) given as

/ =

where // is of the form

(4)

Next, let Ib be an equivalent inertia! displacement defined as
the beam inertia multiplied by the angle through which the
structure rotates relative to the constrained end

Ib - jLitfwfii (6)
/ = 1

The beam is assumed to deform in a circular arc of radius pb
under the influence of a uniform temperature gradient applied
over the entire length. The arc length that each element of
mass travels is given by

J) = //*/ (7)

The change in radius of curvature associated with each // is
expressed as

= Pb - Pb (8)
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where the curvature angle <£/ is given by

tan</>, = li (9)

If the assumption is made that each inertia length increment is
small compared to the radius of curvature, such that the ratio
li/pb < 0.176, then the curvature angle <£/ < 10 deg. Under this
approximation, the curvature angle for the ith element re-
duces to

(10)

Physically, this assumption imposes a stiffness constraint on
the structure. Assuming the beam to be fairly rigid, each mass
element will only travel through a small angle, i.e., 0, < 10 deg,
such that the arc length sf is approximately linear and equal to
the change in radius of curvature given by Eq. (8). Substitut-
ing Eqs. (7), (8), and (10) into the derived expression for Ib9
Eq. (6), yields

n |~ ( l\\
TilimiPb\ 1 ~ COS! — )/ = i L \pft/J (11)

The development of the TES disturbance model through
Eq. (11) is consistent with the derivation given by Jasper and
Neste.2 Equation (11) defines a general analytical expression
to describe the dynamic motion of a thin cantilevered beam of
finite thickness given an applied thermal gradient. This equa-
tion can also be used to represent the movement of thin flat
plates since both geometric figures share a common expression
for the inertia about one end.

Intuitively, the first and second time derivatives of Eq. (11)
will yield the momentum and torque time histories describing
the TES disturbance. An inspection of the LANDSAT-4
derived rate telemetry data (Fig. 1) reveals that the controlled
response of the vehicle exhibits an impulsive velocity in one
direction immediately followed by a similar motion in the
opposite direction and, finally, a decaying step of the initial
sign. This responsive rate motion indicates that the angular
attitude deviation of the vehicle is represented as an impulsive
error in one direction followed by an exponentially decaying
step error of opposite sign. Since the LANDSAT satellite
attitude control system was designed to exhibit good com-
mand following performance, it is assumed that the TES
disturbance torque possesses the same two-phase function
characteristic, i.e., an impulse followed by an exponentially
decaying step of opposite sign. However, the resulting torque
function calculated using Eq. (11) only captures the latter part
(i.e., the exponentially decaying step) of the overall distur-
bance. This is because Ib is a multivalued function at t - r,
which yields a step discontinuity at t - r for the first time
derivative of Ib. Neglecting the step discontinuity in the second
time derivative eliminates the impulsive term present in the
expected structure of the disturbance torque. Thus, in order
to capture the disturbance torque function that completely
characterizes the observed on-orbit attitude response, funda-
mental continuous theoretical functions are derived to explain
the underlying mathematics behind the TES phenomena. In
the following development, a continuous function for Ib9
analogous to the discrete Ib expression given in Eq. (11), will
be developed.

Define Ib as a continuous function of the form

Ib = a[u(t + oo) - U(t - T)] +f(t - r)u(t - T) (12)

where u(t - r) is a unit step function defined as

u(t -

= 1

if t<r

if t > r

For Ib to be continuous at t = r, the following matching
condition must hold true:

f(t-r)\t = T = a (14)

Computing the first and second time derivatives of Eq. (12),
and at the same time neglecting all terms involving derivatives
of the unit step function u(t + oo), gives the following expres-
sions for the momentum and torque, respectively,

Hb = - au(t - T) +/(* - r)u(t - T) +f(t - r)u(t - T) (15)

Tb = - au(t - r) +f(t - r)u(t - T)

+ 2f(t - r)u(t -r)+ f(t - 7)11 (i - r) (16)

where u(t - T) is a Dirac function described as

u(t - T) = oo if t - T
= 0 otherwise (17)

The doublet u(t - r) in Eq. (16) that is multiplied by the
function f(t - T) can be expressed as two terms7

f(t - r)u(t - r) =/(0)fi(f - r) -f(G)u(t - T) (18)

Finally, if the matching condition, Eq. (14), and the doublet
equation, Eq. (18), are applied to both Eqs. (15) and (16),
these expressions further reduce to the following:

Hb=f(t-T)u(t-r) (19)

Tb = /(* - r)U(t - r) + f(t - r)u(t - r) (20)

The fundamental relationships, given by Eqs. (19) and (20),
can be used to compute the TES disturbance momentum and
torque using the time derivatives of the f unction f(t — r).

To determine the functional form of f(t — r), a time-depen-
dent analytical relationship for the thermal gradient at umbra
entrance is assumed. Only sunset is considered due to the
symmetry of the TES disturbance shown in Fig. 1 . A relatively
simple exponential function has been chosen and is expressed
as

Arsunset = <? if f<Tsunset

= eel ~ « - 'sunset)//* + b if rsunset < t < Tsunrise (21)

Substituting Eqs. (1) and (21) into Eq. (1 1) yields the following
expression for Ib at sunset:

+ E
/ = i
l~ / r / w i \ ~1 "̂
I / l| C^cte \C€ sunset "i i? j \ I /

[l-COS(——————~d—————)\\ (22)

It can be seen that Eq. (22) is equivalent to Eq. (12) with

f(f
" C

''sunset/ = ^ ) ~/ = i

- COS

ttn0

(23)

(24)

(13) If all subscripts are removed from Eq. (24) and, furthermore,
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if the thermal gradient is expressed as AT, then a general
relation for the function f(t - T) can be formulated as

(25)d

It is evident that Eq. (25) is equivalent to Eq. (11) after
substitution of Eq. (1). This result makes sense as the physical
relationships used to derive Eq. (11) must be contained in the
mathematics. Thus, the momentum and torque equations can
be computed using Eqs. (19) and (20), along with Eq. (25).
They are as follows:

Hb = 0 if t<T

7V=0
ATHh 2ATHb

AT

dAT cos

with

if
if

d J

t =7

t>T

if t>r (26)

if t<r

if t>T (27)

(28)

where AT* and A Tare the first and second time derivatives of
the thermal gradient. The TES disturbance torque, described
by Eqs. (27) and (28), possesses the two-part characteristic
exhibited by the controlled response of the LANDSAT-4 satel-
lite.

The TES disturbance model given by Eqs. (26-28) was
developed under the assumption that <£/ remain <10 deg
(0.176 rad). By replacing the trigonometric terms present in
Eqs. (26-28) with the appropriate infinite series expansions
and neglecting all second- and higher-order terms of <£/, the
TES disturbance equations can be reduced to

if t<r

if t>r (29)
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Fig. 3 Grid point locations superposed on the nine-element dis-
tributed thermal sensor network.

= 0

and

i f t = T

if t>T (30)

if t<r

if t>r (31)

where [(//acteAr)/flf] has been substituted for <#>/. The magni-
tude of <t>i is driven by the selection of the material properties,
which in turn determine acte and influence the thermal gradi-
ent. The length, mass, and thickness of the appendage are
generally dimensions that would not drive the value of <£/ too
large. For example, consider an aluminum solar array with the
following properties:

L = 7.62 m

M = 215.0 kg

d = 0.0315m

acte = 23.4x lO-^C-1

If n is selected to be 25, then the maximum value of // (i = 25)
using Eq. (5) is 7.4676 m. The corresponding value of <£/ for
this example is 0.0759 assuming a thermal gradient of 15°C.
This value is less than the limiting value of 0.176 and produces
a value for <$ of 0.0056. The ratio of this neglected term with
respect to the maximum value of 0.176 is approximately 0.03,
or 3% of the limiting value. Thus, the simplified TES distur-
bance model would be valid for this example.

It is apparent from the preceeding discussion that the TES
disturbance torque is not only a function of the thermal gradi-
ent across the array, but also is dependent on the first and
second time derivatives of the thermal gradient. Thus, in order
to predict the magnitude of the TES disturbance using the
mathematical model, an accurate array temperature gradient
profile is necessary.

Optimal Temperature Estimation
The dependence of the TES disturbance torque model on

the successive derivatives of the thermal gradient motivates the
need for accurate temperature determination. To estimate the
TES disturbance, the thermal response of a solar array may be
predicted using numerical techniques. Such methods include
using the TRASYS8 and SINDA9 software packages as well as
solving the one-dimensional heat equation using finite differ-
ence approximations.6'10 However, to evaluate the true nature
of the TES disturbance, thermal sensors can be used to mea-
sure the actual thermal response of the structure during on-
orbit spacecraft operation. Two types of thermal sensors,
thermistors and platinum resistance thermometers (PRTs), are
presently utilized for spaceflight applications. Fully integrated
(i.e., signal conditioned) thermistors are accurate to about
± 4°C, whereas the accuracy of a fully integrated PRT is
approximately ± l°C.n Spacecraft thermal sensor hardware
simply consists of two resistors in parallel, one exposed to the
environment and the other shielded from the outside, supplied
with a constant current source. The measured voltage across
the resistor is an indication of the temperature. The function
of the additional resistor is to linearize the nonlinear relation-
ship between temperature and resistance over the thermal
sensor operating range.

If a distributed network of thermal sensors exists on each
surface of an array, as illustrated in Fig. 3 for the front
surface, a measurement of the surface temperatures at those
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prescribed locations is obtained. However, all of the thermal
sensors may not be operating at the same time (e.g., some may
be used for redundancy) and, futhermore, the sensors may
not be positioned at optimally selected locations. Yet it would
be advantageous to use all of the available surface temperature
information to estimate the array surface temperature at a
consistent desired location. Thus, a technique based on the
Gauss-Markov theorem is described to optimally estimate array
surface temperatures. Once a temperature estimate for each
surface is determined, the thermal gradient may be predicted
by differencing the front and back surface temperatures at the
specified location. This approach differs from the numerical
methods in that the thermal gradient is computed using tem-
perature measurements from each surface without consider-
ation of the internal composition of the array. First-order
differencing techniques can then be employed to calculate the
first and second time derivatives of the thermal gradient.

The Gauss-Markov theorem provides a linear minimum
mean square estimate of a vector jc with HI components given
a set of «2 observations G. The estimator, given by Liebelt,12

is stated as follows:

X = 0 (32)

where the error matrix associated with the estimate of x is
given as

Ce = Cx — (33)

If the expected value of the estimate E(x) is equal to x (i.e., the
average of the estimate is equal to the true value), then Jc is a
linear minimum variance unbiased estimate and Ce is the
covariance matrix of the estimate.

Equations (32) and (33) form the basis of the optimal esti-
mation method developed by Bretherton et al.13 For their
analysis, the Gauss-Markov theorem was utilized to estimate
the value of a two-dimensional scalar variable at a specified
location given measurement data at a limited number of posi-
tions. A linear form of the observations is assumed and can be
expressed, for j = 1, . . . , N, as

(34)

Furthermore, the assumption is made that the measurement
errors are uncorrelated and independent of <f>. Under these
assumptions, Bretherton et al.13 applied the Gauss-Markov
theorem, Eqs. (32) and (33), to obtain the resulting estimation
equation

= 0+
7 = 1

- f f i"xj\ Lt
Lk = 1

'(v*-e) (35)

and the associated error matrix Ce given as
N N

Ce = Cx - £ £ CxjCxkAj-k
 l (36)

j=\ k=i
The estimated mean of the observations is computed such
that the sum of the weighted measurements equals zero and is
given as 13

___E£L
Nj= \

(37)

Equations (35-37) are thus used to provide an optimal esti-
mate of a solar array temperature at a prescribed location and
its associated error.

Application
The key to implementing the optimal estimation technique

is the determination of both the Cx matrix and an analytic
weighting function to scale the variance of the data. The
weighting function is necessary to compute numerical values

for the Cxj and Ajk matrices. The Cx matrix is generally un-
known but can be approximated by the variance of the given
data set. The numerical computation of Cx is generated using
the following equation13:

Cx = a (38)
£N £N= A -1

where a^ is the standard deviation of the measurement data
given as

<^ = N-\
with

(39)

(40)

The last term on the right side of Eq. (38) accounts for
uncertainties associated with the estimated mean.

A weighting function is selected for this research to scale the
measurements according to their spatial location with respect
to one another and to the specified position of the estimate. It
is desired that the significance of a measurement decrease
exponentially with distance from either the position of the
estimate or another measurement over a region of influence.
This type of weighting function can be used as a first cut
statistical model given no a priori knowledge of the data
statistics. The estimation technique can, however, easily ac-
commodate more complex statistical models if desired. An
analytical expression for the weighting function is given as

(41)

The parameter y is introduced to change the quality of the
observations. If y is set equal to 5.0, then a maximum weight
of 1.0 will exist when the condition j = k is satisfied in
Eq. (41). As y linearly decreases, the maximum attainable
weight also decreases in a linear fashion. The scaling parame-
ters fjk and Sjk are calculated using the following equations:

(42)

(43)
•^scale

The variables /"scale and sscaie can be specified to determine an
effective range of data influence (decorrelation scale) or set to
the dimensions of the spatial area over which the measure-
ments are confined. For the present study, the latter condition
is assumed. The variables r} and Sj denote the spatial location
of they th observation, whereas the variables rk and sk indicate
the spatial position of the kth data point. Thus, given the
weighting function, a spatially weighted co variance can be
computed between the point of estimation and the measure-
ments Cxj and between the observations themselves Ajk. The
calculation of Cxj can be expressed by

Cxj=Wxjol (44)

where the subscript x is used to denote the desired location
(rx,sx) of the estimate; the weighted observation matrix Ajk is
determined from the following equation:

A-k = W-ko2 + a2d k (45)

where 5jk is the Kronecker delta function expressed as

djk =0 if j * k
= 1 if j = k (46)

and ae is the standard deviation of the measurement error.
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The one drawback of using this technique is the inversion of
the observation covariance matrix Ajk, which has dimensions
equal to the number of observations N. If a large number of
observations exist then the dimension of the covariance matrix
becomes large and hard to numerically invert. However, to
speed the numerical inversion process, the order of the covari-
ance matrix can be reduced by keeping only those observations
having a weight value above a specified limit.

Results
Assume that the solar array has physical dimensions of

7.62x3.048x0.0315 m and, furthermore, that the length
and width of the array represent the spatial area scales rscaie
and sscaie, respectively. The arrangement of the thermal sensors
on a typical solar array surface, labeled 1-9 in Fig. 3, represent
the spatial locations of each temperature observation. Since
the optimal temperature estimation technique has the ability
to provide a temperature estimate at any location, a grid of
temperature estimates can be generated to characterize the
temperature profile of the entire array using a finite set of
data observations. The grid point locations are illustrated in
Fig. 3 where the incremental distances between nodes are
Ar = 0.3175 m and As = 0.2540 m. To assess the accuracy of
the estimation technique, grid points were collocated with the
thermal sensor positions, as shown in Fig. 3.

CONTOUR INTERVAL 0.05°C
CONTOUR FROM 72.65°C TO 73.15°C

Fig. 4 Temperature estimates for array front surface (case 2).

To demonstrate the technique, temperature measurements
at each of the nine thermal sensor locations, all at a single
point in time, were generated using a simple thermal model.6
These estimates are assumed perfect, e.g., ey =0, and are
provided in Table 1 under the case 1 heading along with the
nine sensor positions. Also listed in Table 1 are two additional
sets of simulated temperature measurements. The case 2 data
represent thermistor observations, where the true temperature
data have been corrupted by a uniformly distributed random
variable with zero mean and a standard deviation of 4°C. In a
similar fashion, PRT sensor measurments, listed under the
case 3 heading, were created using a uniformly distributed
random variable also with zero mean, but a 1°C standard
deviation. Because of the uniformity of the true data (i.e.,
approximately 0.1 °C separation between the maximum and
minimum temperatures), the optimal estimation technique will
first be demonstrated using the simulated thermistor data
(case 2).

Utilizing Eqs. (35-45), a temperature estimate at each grid
point is computed, where the factor y is set equal to 5.0 to
provide a maximum weight of 1.0. The contoured array front
surface temperature profile is shown in Fig. 4. Notice how
the contour changes rapidly over the two regions associated
with the lowest temperature measurements (e.g., sensors 3, 5,
and 6). Overall, however, the large deviations in sensor tem-
peratures are smoothed giving an estimated temperature range
of about 72.5-73.2°C. The standard deviations associated
with the array front surface temperature estimates are pre-
sented in Fig. 5. From Fig. 5, it is clear that the smallest
standard deviations are associated with the thermal sensor
positions. In the areas where observations are limited, the
standard deviation increases. The contoured back panel is
presented in Fig. 6 with the temperature standard deviations
given in Fig. 7. The highs and lows shown in Fig. 6 are a direct
result of the thermal sensor observations. In a physical sense,
these regions would be attributed to hot and cold spots on the
array. Again, Fig. 7 illustrates the correlation between temper-
ature uncertainty and the thermal sensor locations. A thermal
gradient estimate, across the array thickness, is computed by
subtracting the two surface temperature estimates at each grid
point and is shown in Fig. 8. The structure of the contoured

CONTOUR INTERVAL 0.1 °C

CONTOUR FROM 1.70°C TO 2.60°C CONTOUR INTERVAL 0.05°C
CONTOUR FROM 60.60°C TO 61.45°C

Fig. 6 Temperature estimates for array back surface (case 2).

Table 1 Thermal sensor locations and temperature measurements for cases 1-3

Fig. 5 Temperature standard deviations for array front surface
(case 2).

Temperature, °C
0 Sensor positionSensor _________
number r, m s, m

Case 1 (true) Case 2 (thermistor) Case 3 (PRT)
Front Back Front Back Front Back

1
2
3
4
5
6
7
8
9

0.3175
0.9525
1.5875
0.3175
0.9525
1.5875
2.8575
4.7625
6.6675

0.762
0.762
0.762
2.286
2.286
2.286
1.524
1.524
1.524

72.8795
72.9475
72.9530
72.8510
72.9433
72.9525
72.9534
72.9534
72.9534

60.5102
60.6052
60.6156
60.5141
60.6072
60.6153
60.6162
60.6162
60.6162

75.6214
75.1302
69.0273
76.0959
70.5750
71.1157
72.4241
72.7547
72.8162

57.8954
63.2903
61.5998
63.7727
61.6657
59.6889
63.0318
62.6133
57.2821

73.8198
72.4815
73.5481
73.4943
72.3178
73.8453
72.9780
72.4672
72.7367

59.8565
61.2765
60.8616
61.3288
60.8719
60.3837
61.2201
61.1155
59.7826
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CONTOUR INTERVAL 0.1 °C

CONTOUR FROM 170°C TO 2.60°C

Fig. 7 Temperature standard deviations for array back surface
(case 2).

CONTOUR INTERVAL 0.05°C
CONTOUR FROM 11.30°CTO 12.10°C

Fig. 8 Thermal gradient estimates for array (case 2).

CONTOUR INTERVAL 0.02°C
CONTOUR FROM 12.32°C TO 12.36°C

Fig. 10 Thermal gradient estimates for array (case 1).

CONTOUR INTERVAL 0.02°C
CONTOUR FROM 0.00°C TO 0.04°C
CONTOURS SCALED BY 10000

Fig. 11 Thermal gradient standard deviations for array (case 1).

CONTOUR INTERVAL 0.1 °C
CONTOUR FROM 2.40°C TO 3.70°C

Fig. 9 Thermal gradient standard deviations for array (case 2).

CONTOUR INTERVAL 0.04°C
CONTOUR FROM 12.20°C TO 12.44°C

Fig. 12 Thermal gradient estimates for array (case 3).

thermal gradient mimics the back surface temperature con-
tours since the front surface is reasonably consistent. The
standard deviation of the thermal gradient estimates, given in
Fig. 9, is obtained by performing a root sum squared (RSS) on
the front and back surface standard deviations.

Employing the same methodology, the estimated thermal
gradients and standard deviations for cases 1 and 3 are con-
structed and illustrated in Figs. 10 and 11 for the true data and
Figs. 12 and 13 for the simulated PRT measurements. The
case 1 thermal gradient, Fig. 10, is essentially constant with a
value of 12.3°C at all grid points. The error covariance of the
unbiased estimates is zero at each thermal sensor position and
minimal in all other regions. The PRT (case 3) thermal gradi-
ent estimates, Fig. 12, reflect highs and lows present in the two
surface estimates, but remain fairly uniform ranging from
12.2 to 12.4°C. Figure 13 again shows the relationship be-
tween the minimum uncertainty in the estimated temperature
gradient field and the thermal sensor locations. Comparison
of the three cases shows that the largest standard deviations
are associated with the thermistor data (case 2) and are a result
of the large variance associated with the simulated thermistor
data set.

Table 2 depicts the exact and estimated temperature gradi-
ents at each of the nine thermal sensor locations along with the

percent difference between them. The exact data is computed
by directly differencing the front and back sensor observa-
tions. A comparison using the percent difference between the
exact and estimated true data shows excellent agreement with
the largest deviation being only 0.08%. The maximum differ-
ence deviation for the thermistor data is 8.18%, whereas the
largest percent difference for the PRT estimates is 0.89%.
From Table 2, it is evident that the difference for all three
cases is < 10%, with the estimated true and PRT data remain-
ing below 1 %. The uncertainty associated with each tempera-
ture gradient estimate is also small, indicating a small disper-
sion from the true gradient, thus providing a reasonable
estimate for these three cases.

If the parameter y is allowed to approach 0 from its maxi-
mum value of 5.0, the assumed quality of the observations is
degraded. Furthermore, as 7 decreases the estimate is expected
to degrade with an increase in the standard deviation. To test
this hypothesis, front surface temperature estimates and stan-
dard deviations for the three test cases were recomputed, at a
single spatial location, for values of 7 ranging from 0.1 to 5.0
in 0.1 increments. The prescribed point of estimation is arbi-
trarily selected to be (3.810, 0.508) m. Figures 14 and 15 show
the estimated temperatures and standard deviations, respec-
tively, for the true data (case 1), the thermistor data (case 2),
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Table 2 Comparison of simulated thermal sensor data
to simulated array thermal gradient estimates

Temperature, °C Temperature, °C Temperature, °C
Sensor
number

1
2
3
4
5
6
7
8
9

Exact
12.37
12.34
12.34
12.34
12.34
12.34
12.34
12.34
12.34

Estimated
true
12.37
12.34
12.33
12.34
12.33
12.33
12.33
12.33
12.33

% Error
0.00
0.00
0.08
0.00
0.08
0.08
0.08
0.08
0.08

Estimated
thermistor

12.10
11.82
11.53
11.50
11.36
11.37
11.33
11.59
12.15

% Error
2.18
4.21
6.56
6.81
7.94
7.86
8.18
6.08
1.54

Estimated
PRT
12.45
12.37
12.36
12.31
12.31
12.35
12.26
12.23
12.35

% Error
0.65
0.24
0.16
0.24
0.24
0.08
0.65
0.89
0.08

CONTOUR INTERVAL 0.05°C
CONTOUR FROM 0.60°C TO 0.90°C

Fig. 13 Thermal gradient standard deviations for array (case 3).

CASE 2

CASE 3

.CASE 1

Fig. 15 Temperature standard deviations for cases 1, 2, and 3 vs 7.

73.2

73.1

73.0

72.9

72.8

72.7

..CASE 3

CASE1

CASE 2

1

Fig. 14 Temperature estimates for cases 1, 2, and 3 vs 7.

and the PRT data (case 3). An inspection of Fig. 14 reveals
that the temperature estimate for case 1 remains essentially
constant, 72.95°C, for y> 1.0. In the range of 7<1.0, the
case 1 temperature estimate reaches a maximum of 73.18°C at
7 = 0.2 and a minimum of 72.92°C at 7 = 0.4. The large
deviations occur as the elements of the Afj matrix approach
small values, resulting in an inverse matrix with large compo-
nents. Both cases 2 and 3 exhibit a linear change in the temper-
ature estimate over the entire range of 7. The case 2 thermistor
estimate begins with a temperature value of 72.84°C at 7 = 0.1
and continues with a decreasing slope of 0.014°C/7jncrement to
reach a final temperature of 72.77°C when 7 = 5.0. The case
3 temperature estimate decreases with a slope of approx-
imately 0.008°C/7increment with a temperature of 73.04°C at
7 = 5.0. The standard deviations for the three cases, as a
function of 7, are illustrated in Fig. 15. The standard devia-
tion for the ideal sensor (case 1) ranges from 0.04°C at 7 = 0.1
to 0.02°C at 7 = 5.0 with a linear characteristic. The simulated
thermistor data set (case 2) shows the sharpest linear decrease
in standard deviation from 2.76 to 2.11°C with a slope of
-0.130C/7incrementv Uncertainty in the simulated PRT data
also shows a linearly decreasing trend but with a much more
subtle slope of 0.03°C/7increment- As expected, the estimates for
the three cases degrade with an associated increase in the

standard deviation as 7 approaches a small value. Further-
more, except for the case 1 temperatures for small 7 (7<0.3),
estimates for each of the three cases fall within the range of the
observed data with case 2 exhibiting the largest standard devi-
ation.

Conclusions
An optimal temperature estimation technique has been de-

scribed and used to estimate the surface temperatures of a
satellite solar array at a set of prescribed locations given data
from a distributed thermal sensor network at a single point in
time. The technique also provides error information relative to
the estimated variable. This technique is capable of determin-
ing array surface temperatures at any location, with reason-
able accuracy, from a finite set of observational data. Apply-
ing the procedure to both surfaces of the array, as a function
of time, and differencing the surface temperature estimates
will result in an estimated thermal gradient profile. The ther-
mal gradient estimates can then be utilized to drive the TES
disturbance model in order to evaluate the true nature of the
TES disturbance.
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